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Abstract

Our study examines fixed point theory within the context of fuzzy 3-metric spaces, which are a logical extension of
traditional fuzzy metric spaces that take three-variable relationships into account. In contrast to the conventional
Banach-type or Cirié-type conditions that have been previously examined in the literature, our main contribution is
the introduction of a novel generalized contractive condition.In this new contractive framework, we prove the
existence and uniqueness of fixed points on fuzzy 3-metric spaces, and construct a fixed point theorem. The scope
of fixed point results in generalized fuzzy settings is expanded by this development, which also makes them more
applicable to systems with complex interactions and multi-way uncertainty. To illustrate the usefulness of our result,

examples are provided.
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1| Introduction

We are aware that there are two categories of fixed points that are under discussion [1]. The first category,
known as Banach fixed point theorems, deals with contraction [2]. The second type is more complex and
deals with compact mappings [3]. A crucial role is played by the metric fixed point theorem. In a variety of
spaces, including Banach, Hilbert, cone, soft, and others, numerous writers have demonstrated the fixed point
theorem. Zadeh first proposed the idea of fuzzy sets. Kaleva and Seikkala [4], Deng [5], Eklund and Gahler
[6], and Kramosil and Michalek [7] have presented the idea of many approaches to fuzzy metric spaces. The
fixed point theory has also been examined by numerous writers in these fuzzy metric spaces and for fuzzy

mappings and numerous other individuals recently initiated studies on probabilistic 2-metric spaces.

Given the abstract qualities implied by the area function in Euclidean spaces, we know that 2-metric space is
a real valued function of a point triple on a set X. Now, the volume function suggests 3-metric space, which
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is what is expected. Naturally, this is introduced in a different way than 2-metric space theory.
A common fixed point theorem for three mappings in fuzzy metric space is proved in this study. The fuzzy
2-metric and fuzzy 3-metric spaces are also covered by this solution [8—10].

2| Preliminaries

Definition 1. An operation in binary *: [0, 1] X [0, 1] — [0, 1] is referred to as a t-norm in ([0,1], *) if all of

the following conditions are satisfied for every a, b, ¢, and d that are contained in [0,1]:
I a*l =a.
II. a*(b*c) = (a*b)*c.
III. a*b = b*a.
IV. a*b < ¢*d whenevera < cand b < d.

Definition 2. If X is an arbitrary set, * is a continuous t-Norm, and M is a fuzzy set in X? x [0, o], and all x,

y, and z €X satisfy the following conditions, then the 3-tuple (X, M, *) is referred to as a fuzzy metric space
(FM space).

FM-1  Forall t >0 if and only if x=y, M (x,y,t) = 1,
FM-2 M(xyt) = M(y,xt) (symmetry),

FM-3 M&,y,t)*M(y,z5s) < M(xzt+s),

FM-4 M(x,y,0) =0,

FM-5 !LrgloM(x, y,t) =1,

FM-6 M(x,y,.):[0,1] = [0,1]

is left continuous,

Definition 3. Let (X, M, *) is a fuzzy metric space.
I. A sequence {X,} in X can be represented by rll-r»?o X, = Xand is said to converge to a point x€X. If
lim M (x,,x,t) =1, forall t > 0.
n—oco
IL. If forall t > 0 and p > 0, then Al—{go M (Xn4p»Xn, t) = 1is a Cauchy sequence -a sequence {Xp} in X.
III. A fuzzy metric space is complete if all of its Cauchy sequences converge.

Definition 4. If X is an arbitrary set, * is a continuous t-Norm, and M is a fuzzy set in X* X [0, ], and all x,
v, z, and u€ X satisfy the following conditions for all t;, t,, and t3> 0, then the 3-tuple (X, M, *) is referred
to as a fuzzy 2-metric space.

FM’-1  For every t >0 if and only if x= y, M(x,y,z,t) = 1,
FEM-2 M(xy,zt) = M(x,2yt) = M(y,2Xxt) (about three variables symmetric),

FM-3 M yut) *ME Wz t) * M U,z,t3) < MEY,2Zt; +t, +t3),(Tetrahedron inequality in 2-
metric space is equivalent to this).

The probability that the area of the triangle is less than t can be deduced from the function value M (x,y,z, t),
FM-4 M(x,y,2,0) =0,

FM’-5 M(x,y,z,.):[0,1) = [0,1] is left continuous.

Definition 5. Assume that (X, M, *) is a fuzzy 2-metric space:

If lim M (x,,a,t) =1, for any a in X and t > 0, then a sequence {x,} in fuzzy 2 metric space X is said to

n-o

converge to a point X € X.
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If &1_{2) M(Xn+p, Xp,a,t) =1, forany ain X and t> 0, p > 0, then a sequence {x,} in fuzzy 2-metric space X
is referred to as a Cauchy sequence.

Every Cauchy sequence that converges in a fuzzy two-metric space is considered complete.

Definition 6. If X is an arbitrary set, * is a continuous t-Norm, and M is a fuzzy setin X 4 % [0, ], and all

X, ¥,z u,and w € X and ty, t,,t3 and t,> 0, then the 3-tuple (X, M, *) is referred to as a fuzzy 3-metric

space.

FM”-1 For every t > 0if and only if x= y, M(x,y,z,w,t) = 1.

FM”-2 My zwt =MExEwzyt) =M(yzwxt)=M(zwXxyt) = (about three variables
symmetric).

FM”-3 M(x,y,z,u,t;) * M(x,y,u,w,t;) * M(X,u,z,w,t3) * M(10,y,Z,w,t,) < MXy,zwWt +t, +t; +
ty).

FM”-4 M(x,y,z,w,0) =0.

FM”-5 M(x,y,2z,w,.):[0,1) = [0,1] is left continuous.

Definition 7. Assume that (X, M, *) is a fuzzy 3-metric space:

If lim M (x,,x,a,b,t) = 1, for any a,b in X and t > 0, then a sequence {x,} in fuzzy 3 metric space X is said

n—-oo

to converge to a point x € X.

If lim M (Xp4p,Xp,a,b,t) =1, foranyab in X and t> 0, p > 0, then a sequence {x,} in fuzzy 3-metric space
n—-oo

X is referred to as a Cauchy sequence.

Every Cauchy sequence that converges in a fuzzy 3-metric space is considered complete.
3| Main Results

Theorem 1. Let (X, M, *) be a fuzzy metric space that is complete and has the condition (FM-5). If S & T
are continuous mapping of X in X if there is a continuous mapping A of X into S(X)NT (X) that commutes

with § & T, then § and T have a common fixed point in X and M(Ax Ay,qt) =
min {M (§x,Ay,t), M (Tx,Ax,t),M (Ty,Ax,t) }
min {M (Sx,Ay,t),M (Ty,Ax,t) }

common fixed point.

for all xy,z €X, t>0 and 0<q<l. A, T, and § then have a unique

Proof: We will demonstrate that {Ax,} is a Cauchy sequence by defining sequences {x,} such that Ax,, =
8Xyn—1 and AX,,_; = 8TX,p, where n = 1,2,,3, ..., In order to do this, enter X = X,, and ¥ = X,,44. Then, we
write

min{M (SXzn,A%2n+1,8),M (TX2n,A%X20,0),M (TX2n+1,AX2n,1)}

M (Ax,,, AX ,qt) = -
( 2n 2n+1 q) min{M ($X;n,AX20+1,0),M (TX2n+1,AX2n,0}

min{M (AXzn+1,A%2n+1,0),M (AXzn—1,AX2n,0), M (AXon,AXon, 1)}
min{M(szn+1.Ax2n+1.t).M(Ain.Ain.t)}

> > M (AXzn-1, AXzn, D).

. t
[since, M (Axons 1, AXons1,8) = M (AXzn, AXan,t) = 1] = M (AxXon-1, AXan,7)

Consequently, M (AXan, AXony1,qt) = M (Ax2n_1, AXZn,g)

Using induction M (AXyy, AXomyq, qt) = M (Asz_l,AXZm,é)

Further, for each k and m in N, if 2m + 1 > 2k then
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t t
M (Axy, AxXpmar, qt) = M (AXZk‘l'AXZm'E) > M (AxO,szmH_zk,qE).

If 2k > 2m + 1 then
t t
M (Axak, AXome1, qt) = M (AXZk—erXZmra) wz M (szk—(2m+1):AX0’W).

Simple induction yields

M (Axy, Axpap, at) = M (Ax, Ax, qi)

in the case of n = 2k,p = 2m + 1 and by (FM-3)

t t
M(Aan AXr1+pr qt) =M (AXO, Axy, ﬁ) * M (AXO,AXp,ﬁ)

for any positive integer p and n in N, ifn =2k p=2morn=2k+1,p=2m, By observing that

M (Axo,Axp,ﬁ) — lasn - o for each positive integer p & n in N.

The sequence { Ax, } is consequently Cauchy. There are z = 1{1_{?0 Ax,and z = 1{1_{2 SXopn_1 = r1113.10 TX,p since

the space X is complete. As a result, Az = Sz = Tz and

M (Az, A%z, qt) = M (Az, AAz, qt) >

min{M (8z, AAz,t), M'(Tz, Az, t), M (T Az, Az, t)} >

min{M (§z, ATz, t), M (Az, Az, t), M (AT z, Az, t)} >

min{M (8§z, AT z,t), M (Az, Az, t), M (AT z,5z,t)} = M (Sz,ATz,t) >

M(Sz,AA7, t) = M(Az, A7, t) ... > M (Az, A%z, qi)

Given that lim M (AZ, A2z, ﬁ) = 1 Consequently, Az = A%z

n—-oo
Z is therefore the common fixed point of A, S, and T'. Let w (w # z) be another common fixed point of S,
T, and A for uniqueness. Then, we write

min{M (§z, Aw, t), M (T'z, Az, t), M (Tw, Az, t)}
min{M (Sz, Aw, t), M'(Tw, Az, t)}

M (Az, Aw, qt) =

'This indicates M (z, w, qt) = M (z, w, t).

Thus, we write z = w using the lemma. The proof of Theorens 1 is now complete. Theorem for fuzzy 2-metric

spaces is now proved.

Theorem 2. Let (X, M, *) be a fuzzy 2-metric space that is complete and has the condition. If S & T are
continuous mapping of X in X if there is a continuous mapping A of X into S(X)NT'(X) that commutes with

§ & T, then § and T have a common fixed point in X and M(AxAy,a,qt) >
min{M (5x,Ay,a,t),M (Tx,Ax,a,t), M (Ty,Ax,a,t)}
min{M (Sx,Ay,a,0,MTy,Axa0} forall x

Y.4,Z €X, t>0 and 0<q<l1. tlim]\/[(x, y,z,t) = 1 forallx,y,z €

X.A, T, and S then have a unique common fixed point.

Proof: We will demonstrate that {Ax,} is a Cauchy sequence by defining sequences {x,} such that Ax,, =
S8Xon—1 and AXy,_q = STXy,, where n = 1,2,,3, ..., In order to do this, enter X = X, and ¥ = X,,44. Then, we

write

min{M ($§Xzn,AX2n+1,3),M (TX2n,AX2n,a,8),M (TX2n+1,AXz2n,a,t)}
min{M (§Xzn,AX2n+1,3,),M (TX2n+1,AX2n,a,0}

M (Axzp, AXone1,a,qt) =
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min{M (Axzn+1,AX21n+1,8,1), M (AXz1—1,AX20,8,8), M (AXop,AX0,a,0) }
min{M (Axzn+1,A%X21n+1,8,1),M (AXzn,AXon,a,0)}

>

> M (AXyn-1,AXyp, a,t)

[SiﬂCC, M(AX2n+1;AX2n+1p 4, t) = M(AXZHI AXZH’ 4, t) = 1] > M (AXZH—]J AXan a,%).

Consequently, M (AXy,, AXopr1,a,qQt) = M (Ax2n_1,Ax2n, a,é).
USlng lnduCtlon M(szk’ AX2m+1, a, qt) > M (AXZk—l’ AXZm' a, é).
Further, for each k and m in N, if 2m + 1 > 2Kk then
t t
M (Axgio AXpimi1,,q) = M (Axpicy, Axym, 2, E) w2 M (Axo, Axomis 1o qﬁ)
If 2k > 2m + 1,
then

t t
M(AXZk, AX2m+1, a, qt) > M (AXZk—llAXZm' a, E) =M (AXZk—(2m+1)JAX0t a, qu_-l—l)

Simple induction yields M (Axn, AXpip, d, qt) >M (AXO, Axp, a, q—tn)
In the case of n = 2k,p = 2m + 1 and by (FM-4).

t t t
M (Axp, AxXpip a,qt) = M (AXO, Axy,a, W) * M (Axo, Axp,a, 3—qn) * M (Axl, Axp, a, ﬁ)'

For any positive integer p & n in N, ifn =2k,p=2morn=2k+1,p =2m, By observing that

]V[(AXO,Axp,a ‘

lqn

) — 1 asn — oo for each positive integer p & n in N.

The sequence { Ax, } is consequently Cauchy. There ate z = r{l—r»l;lo Ax,and z = I{l_)rg SXypno1 = &1_{2) TX,, since

the space X is complete. As a result, Az = Sz = Tz and
M (Az, A%z,a,qt) = M (Az, AAz, a, qt)
> min{M (§z,AAz, a,t), M (Tz, Az, a,t), M (T Az, Az, a, t)}
> min{M (§z,ATz,a,t), M (Az, Az, a,t), M (ATz, Az, a,t)}
> min{M (§z,ATz,a,t), M (Az, Az, a,t), M (ATz,5z,a,t)}

> M (Sz, ATz a,t) = M(Sz,AAz a,t) = M(Az A%z, a,t) ... > M (Az, A%2,a, qi)

Given that lim M (AZ, A%z, a, ﬁ) = 1 Consequently, Az = A%z,
n—-oo

Z is therefore the common fixed point of A, §, and T
Let w (w # z) be another common fixed point of §, T, and A for uniqueness. Then, using (5), we write

min{M (8z, Aw, a,t), M (T'z, Az, a, t), M (Tw, Az, a, t)}

MA ,A yd, t 2 1
(Az, Aw, a, qt) min{M (Sz, Aw, a, t), M (Tw, Az, a, t)}

This indicates M (z, w, a,qt) = M (z,w, a, t).

Thus, we write z = w using the lemma. The proof of Theorem 2 is now complete. Theorem for fuzzy 3-metric

spaces is now proved.
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Theorem 3. Let (X, M, *) be a fuzzy 3-metric space that is complete and has the condition . If S & T are
continuous mapping of X in X if there is a continuous mapping A of X into S(X)NT'(X) that commutes with
§ & T, then § and T have a common fixed point in X and M(Ax Ay,ab,qt) >

min {M (§x,Ay,a,b,t), M (Tx,A%,a,b,t),M (Ty,Ax,a,b,t) } s
> <g< =
in (G Ay A b OM Ty Axabs ] For all xyab €X, t>0 and 0<qg<l. tlLrgl0 M (x,y,2,w,t)

1forallx,y,z € XA, T, and § then have a unique common fixed point.

Proof: We will demonstrate that {Ax,} is a Cauchy sequence by defining sequences {x,} such that Ax,, =
SXyn-1 and AX,,_; = STX,y,, where n = 1,2,,3, ..., In order to do this, enter X = X5, and ¥ = X,,44. Then, we

write

M (Axzn, AXon+1,3,b, qt)

- min{M (§X,p, AXopn+1,a, b, t), M (TXop, AXop, a,b, 1), M (TXop 41, AXop,a, b, 1)}
- min{M(‘SXZHJ AX2n+1' a, b' t)! M(Tx2n+1' AXZm a, br t)}

- min{M (AX,p 41, AX2n4+1,a,b, 1), M (AXppn—1, AXop, @, b, t), M (AX,p, AXop, a, b, t)}
- min{M(AX2n+1' AX2n+1J a, b! t)' M(AXZHJ AXZm a, br t)}

= M(AXZH—I' AXan a, b, t)

[Sil’lCC, M(AX2n+1, AX2n+1, 4, b, t) = M(AXZHI AXZI‘U 4, b, t) = 1] =
t

M (Axgn-1, Axzn,a, b, a).

Consequently, M (Axyy, AXpn41,a,qt) = M (AXZn_l, Ax,,,a,b, g)

Using induction M (AXy, AXpm+1,3, b, qt) = M (Asz_l,AXZm, a, b,é).

Further, for each k and m in N, if 2m + 1 > 2Kk then

v

t
M (AXak, AXzm+1,a, b, qt) = M (AXZk—lpAXZm' a,b, a)

M (Axo, Axyma1—zi0 b, q—zk) 1f2k > 2m + 1,

then
M(AXZk, AX2m+1, a, b, qt) = M (AXZk—l’ AXva a, b, é) =

t
M (AXZk—(2m+1)'AX0:a; b, W)

Simple induction yields

t
M(Axn, AXpip,a, b, qt) =M (AXO,Axp, a,b, q_n)
In the case of n = 2k,p = 2m + 1 and by (FM-3)

M(Axn, AXpip,a, b, qt) =>M (AXO,Axp, a, Axl,ﬁ) * M (AXO,Axp,Axl,b, ﬁ) *

M (Axo,Axl,a, b, ﬁ) * M (AXl,AXp, a,b, %).

For any positive integer p and n in N, ifn=2k,p=2morn=2k+1,p=2m, By observing that

M (Axo,Axp, a,b, qin) — 1lasn — oo for each positive integer p and n in N.
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M (Az, A%z,a,b, qt) = M (Az, AAz,a,b, qt)

> min{M (Sz,AAz,a,b,t), M (Tz Az a,b,t), M (TAz, Az, a,b, 1)}
> min{M (8z,ATz,a,b,t), M(Az, Az, a,b,t), M (ATz Az a,b,t)}
> min{M (Sz,ATz,a,t), M (Az, Az, a,t), M (AT z,Sz,a,t)}

t
> M (S5z,ATz a,b,t) > M(Sz,AAz,a,t) > M (Az,A?z,at) .. > M (Az, A%z,a,b, 5).

The sequence { Ax,} is consequently Cauchy. There are z = lim Ax, and z = lim §x,,_; = lim T'x,, since
n—-oo n—-oo

n—oo

the space X is complete. As a result, Az=38z= Tz and Given that limM (AZ,A2Z, a,b,%) =
n—-oo

1 Consequently, Az = A?z. Z is therefore the common fixed point of A, §, and T

Let w (w # z) be another common fixed point of §, T, and A for uniqueness. Then, using (5), we write

min{M (5z,Aw,a,b,t), M (T'z,Az,a,b,t), M'(Tw,Az,a,b,t)}

M(AZ' Aw,a,b, qt) = min{M (5z,Aw,a,b,t), M (Tw,Aza,b,t)}

This indicates M (z,w, a,b, qt) = M (z,w, a, b, t).

Thus, we write z = w using the lemma. The proof of Theoren 3 is now complete.
4| Conclusion

The main objective of this study was to introduce a new kind of contractive condition in order to expand the
theory of fixed points in fuzzy 3-metric spaces. In contrast to previous fixed point results that depend on
similarity-type or classical contraction criteria, our method adapts the condition to represent the
characteristics of interactions between three elements in a fuzzy environment.

Using this contractive mapping, we demonstrate the existence and uniqueness of the fixed point under the
suggested condition, thus proving a new fixed point theorem. The method of proof is based on building a
convergent sequence with the fuzzy 3-metric and showing that it satisfies the fixed point requirements.
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