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Abstract

The well-known generalized Pell equation, 2 — dy? = n, was used to develop the algorithm in this study.
d was fixed as a prime number, and n was the square of the sphenic number. In particular, we employ the
assignments utilizing the area of the isosceles trapezoid with the non-parallel sides being 2n — 1 and the
parallel sides being n and n + 7.
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1|Introduction

One of the most popular and appealing theories in mathematics is number theory, which is a basket of
characteristics of numbers, particularly integers. It is more advantageous subject to master because it encompasses
a variety of elements. Diophantine equations are polynomial equations with integer coefficients and two or more
unknowns such that the only solutions of interest are the integer ones. In number theory, geometric shapes were
important, and most researchers used these Diophantine equations to develop new kinds of geometric shapes
[5, 4, 6]. An isosceles trapezoid is a special type of trapezoid where the two non-parallel sides (legs) are equal in
length, and the base angles are also equal. In other words, it’s a trapezoid with a line of symmetry bisecting the
two equal sides. Let the two non-parallel sides as ¢ and two parallel sides as a, b for the isosceles trapezoid, then
the area can be calculated by A = % /(a — b+ 2¢)(b — a + 2c). Here we find the isosceles trapezoid with the
parallel sides as n,n + r and non parallel sides as 2n — 1 where n,r € N having integer area.
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Diophantine analysis, the mathematical study of Diophantine problems, comprises of a special type of equation,
commonly known as Pell equation [1]. It is one among the various Diophantine equations and it takes the form

22 —dy* =1 (0.1)

where d is a fixed positive integer, not a perfect square. It also has been proved that equation (0.1) has infinitely
many solutions in positive integers. This Pell equation is generalized as

2 —dy* =n (0.2)
for some integer n.

Let p be a prime and (2, yx) be positive integer solutions of the equation 22 — py? = 1. Using these solutions

we can define the matrix QP* as QP* = zl ]?L‘ZJ 1) [3]. The specialty of this matrix is its k' power can be
1T
obtained directly from the k" solution (2, ) of equation z? — py? = 1. That is, (QP*)* = (Zk pxyk)
ko Tk

In this paper, we construct a similar matrix Q2* = (xl 1:)1: yll

y ) for the equation #? — py? = a?, where a € Z. The
1
r—1 [ Tr PYr

Yr Ty

where (z,, ;) is a positive integer solution of 22 — py? = a?.

rt" power of this matrix is (Q?*)" = a
In [3], an encryption and decryption algorithms are developed using the Pell equation 2% — py? = 1 and its
corresponding matrix QP*. Likewise, in this work, we deal with the same algorithm with little modifications but
we employ the generalized Pell equation 2% — py? = a? and its corresponding matrix @QP*. In particular, here we
restrict a as a Sphenic number, a number which is a product of three distinct primes, but here a is chosen as
product of three consecutive primes which has been chosen with the help of p in the equation 22 — py? = a?.

2|Isosceles Trapezoid with sides with integer area

Here we collect all isosceles Trapezoid with integer area. Let ABCD be a isosceles Trapezoid with the sides
AB =n,BC = AD =2n—1,DC = n+r, where n,r € N(as shown in figure 1). The area of Isosceles Trapezoid

A B

FIGURE 1. Isosceles Trapezoid

is calculated as

A:i\/(n+n+r)2(n+rfn+2(2nf1))(n7n77“+2(2n71))

and after solving we get A = (2"47”)«/(471 —2)2 — 72, For area A € Z, (4n —2)? —r? = 2 for some integer [. This
is of the form pythagorean equation [10] and it can be written as (4n — 2) = (u? +v?)k,r = 2uvk,l = (u? — v?)k,
for some integers w, v, k. From this n can be written as
(w2 40k 1
_ 1 0.3
. We consider four cases for n.



95 Deepshika et al. | Opt. 2(2) (2025) 93-99

Case 1

Suppose u and v are even (ie.,u = 2o, v = 23(cv, B € Z)), then n = I + (a®k + 3%k) ¢ N. This case fails.

Case 2

Suppose u and v are odd (ie.,u = 2a+1,v = 23+ 1 for some integers «, 3),then n = (a?+ %+ a+ B)k+ g + %

Subcase 1

If kK =2v+ 1,7 € Z, then n becomes (a? + 2 +a+B)2y+1)+~v+1€N

Subcase 2

If k=2vy,v€Z, thenn:(a2+ﬂ2+a+ﬂ)27+7+%géN'

Case 3

Suppose u = 2a + 1,v = 23(a, B € Z. Then the value of n = (a® + % + B)k + % + %

Subcase 1

If k =2v(€ Z),then n = % + 1 € N when v is odd.

Subcase 2

If k=2y+Lthenn=(a?+B+82)2y+1)+1+3 ¢N.

Case 4

If u=2a,v =206+ 1(a, B € Z. Proof is similar as above case. Hence, exccept the case 1, all others are possible
ones.

Finding the integer area of isosceles trapezoid. The area of the given isosceles trapezoid is A =
2 2 2 27,

(v )k+2+é“”k)(“ h—v"k)  For area to be integer 8|((u? + v2)k + 2 + 4uvk)(uk — v2k). Then ((u® +

v3)k + 2 + duvk) (u?k — v?k) = 8z for some integer z.

For case 2

If u,v,k =1 (mod 2) .That is ((u? + v?)k + 2 + 4uvk)(u?k — v?k) =0 (mod 2).

For case 3

If u=1 (mod 2) and v,k =1 (mod 2) .Then is ((u? + v?)k + 2 + duvk)(u?k — v*k) =0 (mod 2).

For case 4

Similar as above.
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2.1|Python Programming for finding the integer area

#trapezium with the sides n,n+r,2n-1,2n-1
import math
from fractions import Fraction as frac
def trapezium():
print ('u\tv\tk\tl\tr\tn\tAl')
for v in range(l,m+1):
for u in range (v+1,m+1):
for k in range (1,m+1):
l1=u*x*x2*xk-v**x2*xk
r=2*%u*xv*k
ml=u*x*x2*xk+v**x2x%xk
nl= u*x*x2xk+v*x*x2*xk+2
if n1 % (4) == 0:
n=nl//4
Al = frac((r+2*n)* 1,4)
print (u, '\t',v,'\t',k,'\t',1,"'\t',r,"'\t',n, '\t',Al)

7 m =int (input ("Enter the maximum range:"))

#m is the maximum range

trapezium ()

CopING 1. Finding the integer area for thr isosceles trapezoid ABCD

Enter the maximum range:6

u v k 1 T n

2 1 2 [ 8 3
2 1 & 18 24 ]
3 1 1 g 6 3
3 1 3 24 18 ]
3 1 S} 40 30 13
4 1 2 30 16 9
4 1 6 90 48 26
=} 1 1 24 10 7
5 1 3 72 30 20
5 1 5 120 50 33
é 1 o 70 24 19
€ 1 [ 210 72 56
3 2 2 10 24 7
3 2 3 30 72 20
5 2 2 42 40 15
5 2 3 126 120 44
4 3 2 14 48 13
4 3 3 42 144 38
5 3 1 1é 30 9
5 3 8 43 90 26
5 3 5 80 150 43
& 3 2 54 72 23
& 3 3 le2 216 68
5 4 2 18 80 21
5 4 3 54 240 62
é 5 2 22 120 31
3 5 3 66 360 92

>>>

F1GURE 2. Output: Coding 1

3|Notations

The notations used in this article are as follows.

(1) P - Set of all primes

(2) B - 2n x 2n matrix which is constructed using the given message.

(3) By - k*" block of B with the size 2 (ie, 2 x 2 matrix).

2250

1260
3480
1085
9660
a5
540
735
6552
259
2310
192
1704
4720
1593
14256
549
4914
1001
8976
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(4) b - number of blocks of the matrix B.
(5) s =min{q € P: q|b}

2 ifbislor2n (neN)
s ifbis2n+1(n eN)

() r= b ifb<p
p ifb>p

(8) dj - determinant of the matrix By.

(9) (2:; Z:z)- elements of By,

(10) E=[dy, bk;]i=1,2,4 - encrypted matrix.

(11) (Q1 612) - elements of (QE)"

q3 44

(12) 6 -notation for space.
(13) (x,y) - Positive integer solutions of 2% — py? = a?

(14) a - Sphenic number

4|Character’s Position

Here, the integer area for the isosceles trapezoid that was gathered from the previous section is used to allocate
the alphabets’ positions.

TABLE 1. Character’s Position

Characters A B C D E F G H I
Position a+21 a+180 a+24 a+204 a+560 a+255 a+2250 a+144 a+1260

Characters J K L M N O P Q R
Position  a+3480 a+1085 a+9660 a+95 a+840 a+735 a+6552 a+259 a+2310

Characters S T U \% W X Y Z )
Position a+192 a+1704 a+4720 a+1593 a+1425 a+549 a+4914 a+1001 0

5|Algorithm

In this section, we present the encryption and decryption algorithms.

5.1|Encryption

(1
(2
(3
(4
(
(

Using the given text we have to construct the matrix B of order 2n x 2n.
Convert the matrix B into the block matrix B of the order 2 x 2.
Finding the number of blocks b and select r using p and b.

p can be choosen in two ways as given above.

5
6

Choose any Sphenic number a as the product of three consecutive primes which depends on p.

)
)
)
)
)
)

Instead of using the characters in B, we apply their positions using the above table to find the elements
of Bk.
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(7) Find the determinant dj of the matrix By.

(8) Using the elements of By and their determinant we construct E.

5.2|Decryption

Using the encrypted matrix E we have to decrypt.
(1) Construct the (Q¥°)" .

(2) We have the elements of (Q2")" as g}s.

(3) Find wi and wye, where wi1 = q1br1 + g3bre Wiz = q2brz + qabia.
(4) Solve for tj, using a?"dy = wi1(gatr + qabra) — w2 (qitr + q3bra)-
(
(

5) Now substitute b3 instead of ty.

)
)
)
)
)
)

6) At last we construct By and B.

6|Encryption and Decryption for the word "ARC"

Encryption

wo- (2 1)

(2) There is only one block and so b = 1.
(3) By definition of p and r, we have p = 2 and r = 1. Choose a = 2(5)(7) = 70.

91 2380

(4) Thus Bl = <94 0

> and so b, s are given by b11 = 91,b12 = 2380,b13 = 94, b14 = 0.

(5) dy = |Bi1| = —223720

(6) E=(—223720 291 2380 0)

Decryption

(1) Q% = <1118 ;?g) .(The fundamental solution for 2% — 2y? = 702 is (210, 140).)

(2) Here ¢; = 210, g2 = 280, g3 = 140, g4 = 210

(3) w11 = q1b11 + g3b12 = 335111 and wia = g2b11 + gab12 = 525280.
(4) a?dy = wi1(gats + qab1a) — wia(qrts + gsbia) =t1 = 229

(5) bz =t =94

(6) Hence we get By = (91 2380) from E.

94 0
me=(2 F)
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7|Conclusion

In this paper, (Qg*)r constructed using the solutions of 22 — py? = a

2 using the choices of a and p. We encrypt

and decrypt the message using the generalized Pell equation of the form 22 — dy? = n where d and n are prime
(p) and square of a sphenic number (a?) respectively. This content is the generalization of [3]. We may also
extend this with any other Diophantine equation or we may use any other choices of a. We employ a few
additional geometric forms for enhanced safety.
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