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Abstract

Tomato Yellow Leaf Curl Virus (TYLCV), transmitted by the whitefly Bemisia tabaci, poses a significant
threat to global tomato production. We propose a nonlinear epidemiological model describing the coupled
dynamics of tomato plants, whitefly vectors, and TYLCV transmission. The basic reproduction number,
R0, is derived to characterize the threshold dynamics of the system. The stability of the disease-free
equilibrium is established in terms of this threshold parameter.
The model is extended to incorporate time-dependent control variables representing biological control,
removal of infected plants, resistant tomato varieties, and insect-proof nets. An optimal control problem
is formulated and analyzed using Pontryagin’s Maximum Principle to minimize both infection levels and
implementation costs.
Numerical simulations indicate that the combined application of all control measures provides the most
effective strategy, particularly under high-transmission conditions. In contrast, strategies relying solely
on resistant varieties may increase selective pressure on vector populations and compromise long-term
sustainability. Furthermore, early implementation of individual control measures is shown to significantly
reduce disease spread.
These results highlight the importance of integrated and optimized management strategies for the
sustainable control of TYLCV.
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1|Introduction
Vector-borne viral diseases, such as Tomato Yellow Leaf Curl Virus (TYLCV) transmitted by the whitefly
Bemisia tabaci, represent a major constraint to global food security, with estimated annual economic losses
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exceeding USD 1.5 billion in tomato production [13]. The complexity of these pathosystems arises from the
nonlinear interaction between host plants, vector population dynamics, and viral transmission processes. This
complexity necessitates the development of robust mathematical models and efficient control strategies to support
decision-making in integrated pest management.

Mathematical modeling has become a fundamental tool for understanding and controlling infectious diseases in
both human and plant epidemiology. Classical compartmental frameworks, as introduced by Hethcote [16], have
provided the basis for a wide range of epidemiological extensions. In particular, optimal control theory has been
extensively applied to biological systems following the foundational work of Lenhart and Workman [19], which
established a systematic framework for incorporating time-dependent intervention strategies using Pontryagin’s
Maximum Principle.

In the context of vector-borne and plant disease systems, several contributions have highlighted the effectiveness
of optimal intervention strategies. Chitnis et al. [12] demonstrated the importance of combined control measures
targeting both host and vector populations in malaria dynamics. Similarly, Cai et al. [11] investigated optimal
pesticide application in plant disease models, showing that carefully designed control policies can significantly
reduce infection levels while minimizing costs. Njagarah and Nyabadza [22] further emphasized the role of
integrated strategies in vector-host systems, incorporating both treatment and vector reduction mechanisms.
More recently, Sharomi and Malik [25] provided a comprehensive overview of optimal control applications in
epidemiology, highlighting the superiority of multi-control approaches over single-intervention strategies.

Despite these advances, most classical optimal control models assume deterministic environments with fixed
parameters and pre-defined control structures. However, agricultural ecosystems are inherently dynamic,
influenced by seasonal variability, climate fluctuations, and the rapid evolution of vector resistance to chemical
and biological control measures [18]. These limitations motivate the development of adaptive and robust control
methodologies capable of responding to time-varying epidemiological conditions.

In this regard, Adaptive Dynamic Programming (ADP), a reinforcement learning–based framework, has emerged
as a promising alternative to classical optimal control approaches. By enabling real-time policy adaptation, ADP
addresses the limitations of static optimization strategies. Bertsekas [9] demonstrated that ADP-based methods
can significantly improve performance in dynamic decision-making problems, while Benosmans [7] showed their
effectiveness in vector-borne disease systems with spatial and temporal heterogeneity.

Motivated by these developments, this study aims to integrate classical optimal control theory with adaptive
learning techniques in the context of TYLCV transmission dynamics in tomato crops. The main contributions
of this work are summarized as follows:

I. We develop a coupled plant–whitefly epidemiological model extending previous work by M. Ido et al.
(2025) [17], incorporating four key control strategies: biological control, removal of infected plants,
deployment of resistant tomato varieties, and insect-proof nets.

II. We apply Pontryagin’s Maximum Principle to derive the optimal control system and determine the
optimal combinations of the four control strategies that maximize epidemiological effectiveness while
minimizing economic costs.

III. We provide a comprehensive cost–benefit analysis to evaluate the trade-off between disease reduction
and implementation costs, identifying the most efficient combinations of biological control, infected plant
removal, resistant varieties, and insect-proof nets.
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The remainder of the paper is organized as follows. Section 2 presents the mathematical model and recalls key
analytical results. Section 3 formulates and analyzes the optimal control problem using Pontryagin’s Maximum
Principle. Section 4 presents numerical simulations to evaluate and illustrate the effectiveness of the optimal
control strategies and their combinations. Finally, Section 5 concludes the paper with key findings and future
research directions.

2|Global Dynamic Model Formulate
The global dynamics of begomovirus in tomato plant populations coupled whiteflies follow the compartmental
diagram reffigure1 below. For more details on the model formulate, the reader may refer to [17].
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Figuer 1. Compartmental diagram for transmission dynamics TYLCV.

Remark 0.1.

I. The terms β1(1 − δp) and β2(1 − δp) represent the infection rates of tomato vegetative and generative
plants, respectively, reflecting the reduction in transmission due to the effect of Verticillium lecanii.

II. The terms γ1(1 − δp) and γ2(1 − δp) describe the infection pressure on whiteflies originating from
vegetative and generative tomato plants, respectively, incorporating the mitigating effect of Verticillium
lecanii.

III. The term θBT δp represents the additional mortality rate of whiteflies induced by biological control
application.

IV. The term θBT δpNp corresponds to the total proportion of whiteflies eliminated through spraying on
tomato plants, where θBT denotes the biocontrol-induced mortality rate, δp is the efficiency of biological
control, and Np is the initial total plant population.
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V. Biological control simultaneously affects both transmission dynamics and vector mortality.

VI. The model is a coupled horizontal SI framework without recovery for both plant and vector populations.

By taking stock of the input-output masses in the different classes suitably to the mathematical formulation,
the model of the dynamics of the propagation of the virus host-insect interaction vectors is described by the
following system (0.1).



Ṡv = Λ − αSv − β1(1 − δp)SvIBT − µpSv,

L̇v = β1(1 − δp)SvIBT − θLv − µpLv,

İv = θLv − µpIv,

Ṡg = αSv − β2(1 − δp)SgIBT − µpSg,

L̇g = β2(1 − δp)SgIBT − βLg − µpLg,

İg = βLg − µpIg,

ṠBT = r

(
1 − SBT

K

)
SBT − γ1(1 − δp)IvSBT − γ2(1 − δp)IgSBT − (θBT δpNp + µBT ) SBT ,

İBT = γ1(1 − δp)IvSBT + γ2(1 − δp)IgSBT − (θBT δpNp + µBT ) IBT ,

(0.1)

with the initial conditions

Sv(0) > 0, Lv(0) ≥ 0, Iv(0) ≥ 0, Sg(0) ≥ 0, Lg(0) ≥ 0, Ig(0) ≥ 0, SBT (0) ≥ 0, IBT (0) ≥ 0 (0.2)

The flow chart of the spread of yellow virus in tomato plants combined with the using of the insecticide
Verticillium lecanii is visible in the diagram 1, with the definition of the variables and parameters used is also
given by the Table 1 and Table 2.

Table 1. Summary of biological variables.

Variables Biological significance Unity
Sv(t) Susceptible vegetative plants at time t Individual plant
Lv(t) Latent vegetative plants at time t Individual plant
Iv(t) Infected vegetative plants at time t Individual plant
Sg(t) Susceptible generative plants at time t Individual plant
Lg(t) Latent generative plants at time t Individual plant
Ig(t) Infected generative plants at time t Individual plant

SBT (t) Susceptible whitefly at time t Individual vector
IBT (t) Infected whitefly at time t Individual vector
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Table 2. Summary of biological parameters.
Parameters Biological significance Unity

Np Total plants at initial time Individual plant
r The whitefly birth rate day−1

Λ The number of tillers or replanting of plants day−1

α The growth susceptible vegetative plant rate day−1

to become generative plants
θ The latent vegetative plant growth rate day−1

to become infected vegetative plants
β The latent generative plant growth rate day−1

to become infected generative plants
β1 The vegetative plant infection rate (individual × day)−1

β2 The generative plant infection rate (individual × day)−1

γ1 The whitefly infection rate by (individual × day)−1

infected vegetative phase
γ2 The whitefly infection rate by (individual × day)−1

infected generative phase
δp The efficacy of use of Verticillium lecanii
µp The mortality rate of the plant day−1

µBT The natural mortality rate of whitefly day−1

θBT The fungal mortality rate of whitefly day−1

Verticillium lecanii

2.1|Global Results

Theorem 0.2. ([17]).

Proof : ([17])
The right-hand side of system (0.1) is continuously differentiable, hence locally Lipschitz. By the Cauchy–Lipschitz
theorem, there exists a unique maximal solution for any admissible initial condition.

To prove non-negativity, we argue by contradiction. Assume that one of the state variables becomes zero or
negative at some time t1. Using the integral form of the equations, each variable can be bounded below by
an exponential function of its initial value. Since all initial conditions are non-negative, this implies that the
corresponding solution remains non-negative for all t ≥ 0, which leads to a contradiction. Therefore, all state
variables remain non-negative.

To establish boundedness, we consider the total plant population S = Sv + Lv + Iv + Sg + Lg + Ig and the total
vector population V = SBT + IBT . From the system, we obtain

Ṡ ≤ Λ − µpS, V̇ ≤ rK

4 − min(µBT , θBT δpNp)V.

Solving these differential inequalities shows that

0 ≤ S(t) ≤ Λ
µp

, 0 ≤ V (t) ≤ rK

4 min(µBT , θBT δpNp) .
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For any initial conditions (0.2), the maximal solution of system (0.1) is non-negative. Morever, the solution are
bounded in the positively invariant domain Γ, Γ = Γ1 × Γ2 ⊂ R8

+ with

Γ1 =
{

(Sv, Lv, Iv, Sg, Lg, Ig)T ∈ R6
+ | Sv + Lv + Iv + Sg + Lg + Ig ≤ Λ

µp

}
and

Γ2 =
{

(SBT , IBT )T ∈ R2
+ | SBT + IBT ≤ rK

4 min(µBT , θBT δpNp)

}
.



Hence, all solutions remain bounded for all t ≥ 0, and the feasible region Γ is positively invariant. This ensures
the global existence of solutions and the biological relevance of the model.

Theorem 0.3. ([17]).
Let us consider the following threshold parameter given by equation (0.3) and commonly called the effective
number reproduction of the TYLCV model. It is obtained in an obvious manner by making an imput-output
balance of model (0.1)

R0 = (1 − δp)

√
KΛ(r − µBT − NpδpθBT )[γ1µpβ1θ(β + µp) + γ2β2βα(θ + µp)]

rµ2
p(α + µp)(θ + µp)(β + µp)(θBT δpNp + µBT ) . (0.3)

Proof : [17]
The basic reproduction number R0 is computed using the standard next-generation matrix method.

We consider the infected compartments YI = (Lv, Iv, Lg, Ig, IBT ) and rewrite the system as

ẎI = F (YI) − V (YI),

where F represents new infection terms and V describes transition terms.

Evaluating the Jacobians of F and V at the disease-free equilibrium yields the matrices R and H, respectively.
The next-generation matrix is defined by

M = RH−1.

Due to the structure of M , the only nonzero entries are given by

M =


0 0 0 0 M15
0 0 0 0 0
0 0 0 0 M35
0 0 0 0 0

M51 M52 M53 M54 0

 ,

with
M15 = β1(1 − δp)Λ

(α + µp)(θBT δpNp + µBT ) ,

M35 = β2(1 − δp)αΛ
µp(α + µp)(θBT δpNp + µBT ) ,

M51 = Kγ1θ(1 − δp)(r − µBT − NpδpθBT )
rµp(θ + µp) ,

M52 = Kγ1(1 − δp)(r − µBT − NpδpθBT )
rµp

,

M53 = Kγ2β(1 − δp)(r − µBT − NpδpθBT )
rµp(β + µp) ,

M54 = Kγ2(1 − δp)(r − µBT − NpδpθBT )
rµp

.

The eigenvalues of M are
0, ±

√
M15M51 + M35M53.

Hence, the basic reproduction number is given by

R0 = ρ(M) =
√

M15M51 + M35M53.

Substituting the coefficients yields

R0 = (1 − δp)

√
KΛ(r − µBT − NpδpθBT )[γ1µpβ1θ(β + µp) + γ2β2βα(θ + µp)]

rµ2
p(α + µp)(θ + µp)(β + µp)(θBT δpNp + µBT ) .
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Moreover, R0 admits the biological interpretation

R0 =
√

R0HvV R0V Hv + R0HgV R0V Hg ,

which represents the contribution of transmission cycles between vegetative plants and vectors, and between
generative plants and vectors.

This completes the proof.

Theorem 0.4. ([17]).

I. The system (0.1) admits two disease-free equilibrium points given by:

D0 =
(

Λ
α + µp

, 0, 0,
αΛ

µp(α + µp) , 0, 0, 0, 0
)

;

D1 =
(

Λ
α + µp

, 0, 0,
αΛ

µp(α + µp) , 0, 0,
K(r − µBT − NpδpθBT )

r
, 0
)

,

for r > µBT + NpδpθBT .

II. The system (0.1) admits at least one positive endemic equilibrium point
D = (Sv

∗, Lv
∗, Iv

∗, Sg
∗, Lg

∗, Ig
∗, SB

∗
T , IB

∗
T ) whenever R0 > 1.

Proof : The equilibrium points of system (0.1), namely the disease-free equilibrium (DFE) and the endemic
equilibrium (EE), are obtained by setting all time derivatives equal to zero. That is, we solve the nonlinear
algebraic system resulting from

Ṡv = L̇v = İv = Ṡg = L̇g = İg = ṠBT = İBT = 0.

The disease-free equilibrium is obtained by considering the absence of infection in all compartments, i.e.,
Lv = Iv = Lg = Ig = IBT = 0,

and solving the resulting reduced system.

The endemic equilibrium is obtained by solving the full system with all state variables positive.

Due to the nonlinear structure of the system, explicit expressions of the endemic equilibrium may be complex;
however, existence and characterization follow from standard techniques in epidemiological modeling.

For detailed computations and methodological approaches, one may consult [17].

Theorem 0.5. ([17]).

I. The equilibrium point D1 of the system (0.1) is globally asymptotically stable in Γ when R0 < 1.

II. The positive endemic equilibrium point D = (Sv
∗, L∗

v, Iv
∗, Sg

∗, L∗
g, Ig

∗, SB
∗

T , IB
∗

T ) of the system (0.1) is
globally asymptotically stable whenever R0 > 1.

Proof : Step 1. Global stability of the disease-free equilibrium D1.

The equilibria of system (0.1) are obtained by solving the algebraic system obtained by setting all derivatives
equal to zero. In particular, the disease-free equilibrium is given by D1 = (X∗, 0).

We decompose the system as: {
Ẋ = F (X, Y ),
Ẏ = G(X, Y ), G(X, 0) = 0,

where X = (Sv, Sg, SBT ) and Y = (Lv, Iv, Lg, Ig, IBT ).

According to the approach of Castillo-Chavez et al. [12], the global stability of D1 is guaranteed if the following
two conditions hold:
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(H1) The reduced system Ẋ = F (X, 0) admits X∗ as a globally asymptotically stable equilibrium;

(H2) The function G(X, Y ) can be written as

G(X, Y ) = DY G(X∗, 0)Y − Ĝ(X, Y ),

with Ĝ(X, Y ) ≥ 0 in Γ, and DY G(X∗, 0) is a Metzler matrix.

The reduced system Ẋ = F (X, 0) is explicitly solvable and its solutions converge globally to X∗. Hence, condition
(H1) holds.

Moreover, from the positivity and boundedness of the solutions, we have

0 < Sv ≤ S∗
v , 0 ≤ Sg ≤ S∗

g , 0 ≤ SBT ≤ S∗
BT ,

which implies that Ĝ(X, Y ) ≥ 0. The matrix DY G(X∗, 0) is clearly Metzler.

Thus, condition (H2) is satisfied. Therefore, by Castillo-Chavez theorem [?], the disease-free equilibrium D1 is
globally asymptotically stable in Γ whenever R0 < 1.

Step 2. Global stability of the endemic equilibrium D.

The endemic equilibrium D is obtained by solving the steady-state system (i.e., by setting all derivatives equal
to zero), leading to the relations given in.

To prove its global stability, we consider the Lyapunov function:

Gξ =
∑

ξ

ξ∗Φ
(

ξ

ξ∗

)
, with Φ(ξ) = ξ − 1 − ln ξ,

which is positive definite for all ξ > 0.

Computing the time derivative of Gξ along solutions of system (0.1), and using the equilibrium relations (??),
we obtain

Ġξ ≤ −(α + µp) (Sv − S∗
v )2

Sv
− r(SBT − S∗

BT )2

K
− χ

∑
Φ(·),

where χ > 0 is a suitable constant.

Since Φ(·) ≥ 0, it follows that
Ġξ ≤ 0,

with equality if and only if
(Sv, Lv, Iv, Sg, Lg, Ig, SBT , IBT ) = D.

Thus, Gξ is a Lyapunov function and the largest invariant set contained in {Ġξ = 0} reduces to the singleton
{D}.

By LaSalle’s invariance principle, the endemic equilibrium D is globally asymptotically stable in Γ whenever
R0 > 1. For more details on the techniques used in this proof as well as further developments, the reader is
referred to [17].

The sensitivity analysis of certain parameters of basic reproduction number R0 of the model was studied, and
the results are summarized in the Table 3 ([17]).
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Table 3. Sensitivity indices of certain parameters of R0.

Parameters Values Sensitivity Index
β1 0.03 +0.7

β2 0.03 +0.5

γ1 0.025 +0.7

γ2 0.2 +0.5

µp 0.3 −3.7

δp 0.001 −0.0014

2.2|Numerical Simulation

To evaluate the effectiveness of a control strategy, it is essential to estimate the population of whiteflies in the
plantation. The control strategy targeting the pest Bemisia tabaci consists of the application of the biocontrol
agent Verticillium lecanii, with the aim of protecting tomato plants and eliminating Tomato Yellow Leaf Curl
Virus (TYLCV) in the field.

The numerical simulations presented in this subsection are designed to illustrate the asymptotic behavior of the
number of infected plants as a function of the basic reproduction number R0, as predicted by the theoretical
results. The model parameters in (0.1) are taken from the relevant literature and are summarized in Table 4.
The parameters Λ, r, and µp are chosen based on agricultural data describing tomato plant growth and pest
mortality. The infection rates β1 and β2 are adapted from epidemiological modeling studies.

The simulations are carried out under three scenarios. In the first scenario, we illustrate the behavior of the
endemic equilibrium, as established in the theoretical analysis. In the second scenario, we present simulations
corresponding to the disease-free equilibrium in order to validate the theoretical results. Finally, in the third
scenario, since the presence of susceptible whiteflies negatively affects tomato plant growth and productivity,
we evaluate the effectiveness of insecticide-based control strategies, allowing the decision-maker to achieve a
TYLCV-free plantation with reduced whitefly infestation.

The numerical simulations are performed using the Odeint function from the scipy.integrate module in
Python.

Table 4. Parameter values of the TYLCV model.

Parameter R0 < 1 R0 > 1 Source
K 100 100 Estimated
Λ 10 10 [4]
Np 160 160 [4]
r 0.5 0.5 Estimated
δp 0.035 0.001 Estimated
α 0.1 0.1 [10]
θ 0.01 0.01 [3]
β 0.1 0.1 [10]

Parameter R0 < 1 R0 > 1 Source
β1 0.03 0.03 [4]
β2 0.03 0.03 [4]
γ1 0.025 0.025 [10]
γ2 0.2 0.2 [4]
µp 0.3 0.3 [3]
µBT 0.07 0.07 [3]
θBT 0.05 0.05 [3]
T 150 150 [3]

 Optimal control of begomovirus–whitefly dynamics ... 46



Figure 2. Dynamics of vegetative
tomato plant populations: Suscepti-
ble (Sv) (blue), Latent (Lv) (yellow),
and Infected (Iv) (green). The x-axis
represents time (days), and the y-axis
represents the number of vegetative
plants. R0 = 3.6997 > 1.

Figure 3. Dynamics of generative
tomato plant populations: Suscepti-
ble (Sg) (blue), Latent (Lg) (yellow),
and Infected (Ig) (green). The x-axis
represents time (days), and the y-axis
represents the number of generative
plants. R0 = 3.6997 > 1.

Figure 4. Dynamics of Bemisia tabaci vector populations: Susceptible (SBT ) (blue) and
Infected (IBT ) (yellow). The x-axis represents time (days), and the y-axis represents the number
of whiteflies. R0 = 3.6997 > 1.

Scenario 1 (Simulation of the endemic equilibrium).

First result: The numerical results in this first scenario illustrate the persistence of Tomato Yellow Leaf
Curl Virus (TYLCV) in the tomato plantation. A simulation of system (0.1) with R0 = 3.6997 > 1 and
initial conditions Sv(0) = 50, Lv(0) = 40, Iv(0) = 10, Sg(0) = 30, Lg(0) = 20, Ig(0) = 10, SBT (0) = 30, and
IBT (0) = 10 was performed.

The results in Figures 2–4 show the dynamics of vegetative plants, generative plants, and Bemisia tabaci
populations, respectively. The results indicate that, under the considered biocontrol level, the disease persists in
the plantation, leading to an endemic equilibrium (EE), which is globally asymptotically stable. This observation
is consistent with Theorem (0.5). In the next scenario, we illustrate through numerical simulations that the
endemic equilibrium converges to the disease-free equilibrium (DFE) when the effectiveness of Verticillium
lecanii is slightly increased.
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Figure 5. Dynamics of vegetative
tomato plant populations: Suscepti-
ble (Sv) (blue), Latent (Lv) (yellow),
and Infected (Iv) (green). The x-axis
represents time (days), and the y-axis
represents the number of vegetative
plants. R0 = 0.3981 < 1.

Figure 6. Dynamics of generative
tomato plant populations: Suscepti-
ble (Sg) (blue), Latent (Lg) (yellow),
and Infected (Ig) (green). The x-axis
represents time (days), and the y-axis
represents the number of generative
plants. R0 = 0.3981 < 1.

Figure 7. Dynamics of Bemisia tabaci vector populations: Susceptible (SBT ) (blue) and
Infected (IBT ) (yellow). The x-axis represents time (days), and the y-axis represents the number
of whiteflies. R0 = 0.3981 < 1.

Scenario 2 (Simulation of the disease-free equilibrium (DFE)).

Second result: The numerical results in this second scenario illustrate the extinction of TYLCV in the tomato
plantation. A simulation of system (0.1) with R0 = 0.3981 < 1 and initial conditions Sv(0) = 50, Lv(0) = 40,
Iv(0) = 10, Sg(0) = 30, Lg(0) = 20, Ig(0) = 10, SBT (0) = 30, IBT (0) = 10 was performed.

The results show that the application of Verticillium lecanii at levels above 3.5% effectively reduces infected
populations and drives the system toward a disease-free equilibrium (DFE), which is globally asymptotically
stable. This is consistent with Theorem (0.5). In the next scenario, we illustrate that the DFE persists and the
whitefly population is significantly reduced when the effectiveness of Verticillium lecanii exceeds 10%.
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Figure 8. Dynamics of vegetative
tomato plant populations: Suscepti-
ble (Sv) (blue), Latent (Lv) (yellow),
and Infected (Iv) (green). R0 > 1
and δp = 0.1.

Figure 9. Dynamics of generative
tomato plant populations: Suscepti-
ble (Sg) (blue), Latent (Lg) (yellow),
and Infected (Ig) (green). R0 > 1
and δp = 0.1.

Figure 10. Dynamics of Bemisia tabaci vector populations: Susceptible (SBT ) (blue) and
Infected (IBT ) (yellow). R0 > 1 and δp = 0.1.

Scenario 3 (Return to the disease-free equilibrium (DFE)).

Third result: The numerical results in this final scenario illustrate the extinction of TYLCV and the eradication
of Bemisia tabaci in the tomato plantation. A simulation of system (0.1) with R0 = 3.6997 > 1 and initial
conditions Sv(0) = 50, Lv(0) = 40, Iv(0) = 10, Sg(0) = 30, Lg(0) = 20, Ig(0) = 10, SBT (0) = 30, and
IBT (0) = 10 was performed.

The results indicate that when Verticillium lecanii is applied at levels above 10%, infected populations are
significantly reduced, and the system converges to a disease-free equilibrium with no whitefly presence.

3|Optimal Control of a Four-Strategy-Level Model
The control of Tomato Yellow Leaf Curl Virus (TYLCV), a severe viral disease transmitted by the whitefly
Bemisia tabaci, represents a major challenge for tomato producers. Yield losses can be substantial, affecting
both farmers’ income and global food security. To optimize TYLCV management strategies, we propose
an integrated control framework incorporating four intervention mechanisms as part of an Integrated Pest
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Management (IPM) strategy. These include: biological control using Verticillium lecanii, which acts as an
entomopathogenic agent against whiteflies; removal of infected plants during both vegetative and generative
stages to reduce disease spread; cultivation of resistant tomato varieties to decrease host susceptibility; and
installation of insect-proof nets acting as a physical barrier against whiteflies. All four control measures are
modeled as time-dependent control variables.

3.1|Problem Statement

In this section, we formulate an optimal control problem aimed at determining the best intervention strategies.
These strategies are defined through four time-dependent control functions Ui(t), i = 1, . . . , 4, defined as
follows:

I. U1(t) represents the control associated with the rational use of the biological control agent Verticillium
lecanii. It measures the application intensity and effectiveness of the biocontrol agent in reducing pest
populations.

II. U2(t) corresponds to the removal rate of infected plants. It represents the effort devoted to eliminating
infected plants during both vegetative and generative growth stages, including latent and symptomatic
infections.

III. U3(t) denotes the adoption level of resistant tomato varieties. It reduces crop susceptibility and indirectly
decreases infection pressure within the plantation.

IV. U4(t) represents the effectiveness of insect-proof nets. It quantifies the protection level provided by phys-
ical barriers against whitefly invasion, reducing initial infestation levels and limiting transmission.

By incorporating these control variables into system (0.1), we obtain the following controlled dynamical system:



Ṡv = Λ − αSv − β1(1 − U1 − U3 − U4)SvIBT + U3Lv − µpSv,

L̇v = β1(1 − U1 − U3 − U4)SvIBT − U3Lv − θLv − µpLv,

İv = θLv − U2Iv − µpIv,

Ṡg = αSv − β2(1 − U1 − U3 − U4)SgIBT + U3Lg − µpSg,

L̇g = β2(1 − U1 − U3 − U4)SgIBT − U3Lg − βLg − µpLg,

İg = βLg − U2Ig − µpIg,

ṠBT = r
(

1 − SBT

K

)
SBT − (1 − U1 − U3 − U4) (γ1Iv + γ2Ig) SBT − (θBT U1Np + µBT ) SBT ,

İBT = (1 − U1 − U3 − U4) (γ1Iv + γ2Ig) SBT − (θBT U1Np + µBT ) IBT ,

(0.4)

with the boundary conditions:

(0.2), 0 ≤ Ui ≤ 1, i = 1, . . . , 4. (0.5)

Moreover, the controls satisfy:

0 ≤ U1 + U3 + U4 ≤ 1.

Thus, the control variables take values in the interval [0, 1]. Let U [0, T ] denote the set of admissible control
functions with compact set V ⊂ Rm defined by:

U [0, T ] = L∞([0, T ]; V), V = [0, 1],
where T is the final time.
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The objective functional to be minimized, representing both economic and ecological costs, is given by:

J (U1, U2, U3, U4) =
∫ T

0

[
∆1Iv(t) + ∆2Ig(t) + ∆3SBT (t) + ∆4IBT (t) + 1

2

4∑
i=1

φiU
2
i (t)

]
dt, (0.6)

where ∆1, ∆2, ∆3, ∆4 represent the costs associated with crop damage, and 1
2φiU

2
i represents the quadratic

cost of implementing control strategies. The parameters satisfy 0 ≤ Ui ≤ 1, 0 ≤ U1 + U3 + U4 ≤ 1, ∆i ≥ 0
for i = 1, 2, 3, 4, and φi ≥ 0 for i = 1, 2, 3, 4.

3.2|Hamiltonian Function

Let be H the Hamiltonian function defined by

H = ∆1Iv(t) + ∆2Ig(t) + ∆3SBT (t) + ∆4IBT (t) +
4∑

i=1

φi

2 U2
i (t)

+ΦSv(Λ − (1 − U1 − U3 − U4)β1SvIBT + U3Lv − (α + µp)Sv)
+ΦLv((1 − U1 − U3 − U4)β1SvIBT − U3Lv − (θ + µp)Lv))
+ΦIv(θLv − U2Iv − µpIv)
+ΦSg(αSv − (1 − U1 − U3 − U4)β2SgIBT + U3Lg − µpSg)
+ΦLg((1 − U1 − U3 − U4)β2SgIBT − U3Lg − (β + µp)Lg) (H)
+ΦIg(βLg − U2Ig − µpIg)
+ΦSBT

(f (SBT ) − (1 − U1 − U3 − U4) (γ1Iv + γ2Ig) SBT − (θ1U1Np + µI)SBT )
+ΦIBT

((1 − U1 − U3 − U4) (γ1Iv + γ2Ig) SBT − (θ1U1Np + µI)IBT )

where ΦSv , ΦLv , ΦIv , ΦSg , ΦLg , ΦIg , ΦSBT
and ΦSBT

are the adjoint variables (costate vectors), with
X = (Sv, Lv, Iv, Sg, Lg, Ig, SBT , IBT )T and Φ = (ΦSv , ΦLv , ΦIv , ΦSg , ΦLg , ΦIg , ΦSBT

, ΦSBT
)T .

Optimal control function U∗ = (U∗
1 , U∗

2 , U∗
3 , U∗

4 ) need to be found such that
J (U∗

1 , U∗
2 , U∗

3 , U∗
4 ) = min{J (U1, U2, U3, U4) | Ui ∈ Ω, i = 1, ..., 4},

Ω = {Ui(t) ∈ L1 (0, T ) | 0 ≤ Ui(t) ≤ 1, i = 1, ..., 4} and 0 ≤ U1 + U3 + U4 ≤ 1.

Theorem 0.6.

There exist an optimal control U∗ = (U∗
1 , U∗

2 , U∗
3 , U∗

4 ) such that

J (U∗
1 , U∗

2 , U∗
3 , U∗

4 ) = min{J (U1, U2, U3, U4) | Ui ∈ Ω, i = 1, ..., 4} subject to system(0.1) (0.7)

Proof : Using the Theorem 4.1 of Fleming and Rishel [14], we prove the existence of the optimal

control. It is obvious to see that the solutions of system (0.4) is bounded by considering

a supersolution of the system of equations (0.4); and the state variables are non-negative.

Furtheremore, in this minimizing problem, the control set Ω is convex and closed by definition.

Moreover, there exists some constants ω1 > 0, ω2 and ϑ > 1 such as the integrand of the

objective functional is bounded below by the following quantity ω1

( 4∑
i=1

Ui(t)2
)ϑ

2

− ω2 with
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regards to the boundedness of the state variables of model (0.4). Indeed we have

L(I; U1, U2, U3, U4) = ∆1Iv(t) + ∆2Ig(t) + ∆3SBT (t) + ∆4IBT (t) +
4∑

i=1

φi

2 Ui(t)

≥ ω1

( 4∑
i=1

Ui(t)2
)ϑ

2

− ω2.

This completes the proof.

3.3|Optimality of the System
As we have previously mentioned, the characterization of the optimal solution is obtained by em-
ploying Pontrryagin’s Maximum Principle [14, 15] to the control system’s Hamiltonian such that if
(X,U) is an optimal solution of the optimal control problem, then there exists a non-trivial vector
Φ = (ΦSv , ΦLv , ΦIv , ΦSg , ΦLg , ΦIg , ΦSBT

, ΦSBT
) satisfying the following conditions

dX(t)
dt

= ∂H(t, X, U, Φ)
∂U

, 0 = ∂H(t, X, U, Φ)
∂U

,
dΦ
∂X

= −∂H(t, X, U, Φ)
∂X

. (0.8)

Now, we derive the necessary conditions to the Hamiltonian H that optimal control function and corresponding
states must satisfy.

Theorem 0.7.

The optimal control variables are given by (U∗
1 , U∗

2 , U∗
3 , U∗

4 ) ∈ Ω and corresponding states
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S∗
v , L∗

v, I∗
v , S∗

g , L∗
g, I∗

g , S∗
BT , I∗

BT

Φ1, Φ2, Φ3, Φ5 > 0 and where are the adjoint functions of system (0.4)

Φ = (ΦSv , ΦLv , ΦIv , ΦSg , ΦLg , ΦIg , ΦSBT
, ΦSBT

) that satisfy the following backward in time
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U∗
1 = max

{
0, min

[ 1
Φ1

(I∗
BT [β1S

∗
v(ΦLv − ΦSv) + β2S

∗
g (ΦLg − ΦSg)]+

(γ1I
∗
v S∗

BT + γ2I
∗
g SBT )∗(ΦIBT

− ΦSBT
) + θBT Np (S∗

BT + I∗
BT ) (ΦSBT

+ ΦIBT
) , 1

]}
U∗

2 = max
{

0, min
[ 1
Φ2

(
I∗

v ΦIv + I∗
g ΦIg

)
, 1
]}

U∗
3 = max

{
0, min

[ 1
Φ3

(I∗
BT

[
(β1S

∗
v + L∗

v) (ΦLv − ΦSv) +
(
β2S

∗
g + L∗

g

)
(ΦLg − ΦSg)

]
+

(γ1I
∗
v S∗

BT + γ2I
∗
g S∗

BT )(ΦIBT
− ΦSBT

), 1
]}

U∗
4 = max

{
0, min

[ 1
Φ4

(I∗
BT

[
β1S

∗
v(ΦLv − ΦSv) + β2S

∗
g (ΦLg − ΦSg)

]
+

(γ1I
∗
v S∗

BT + γ2I
∗
g S∗

BT )(ΦIBT
− ΦSBT

), 1
]}

U∗
1 + U∗

3 + U∗
4 = max

{
0, min

[ 1
Φ1

(I∗
BT [β1S

∗
v(ΦLv − ΦSv) + β2S

∗
g (ΦLg − ΦSg)]+

(γ1I
∗
v S∗

BT + γ2I
∗
g SBT )∗(ΦIBT

− ΦSBT
) + θBT Np (S∗

BT + I∗
BT ) (ΦSBT

+ ΦIBT
) +

1
Φ3

(I∗
BT

[
(β1S

∗
v + L∗

v) (ΦLv − ΦSv) +
(
β2S

∗
g + L∗

g

)
(ΦLg − ΦSg)

]
+

(γ1I
∗
v S∗

BT + γ2I
∗
g S∗

BT )(ΦIBT
− ΦSBT

)+
1

Φ4
(I∗

BT

[
β1S

∗
v(ΦLv − ΦSv) + β2S

∗
g (ΦLg − ΦSg)

]
+

(γ1I
∗
v S∗

BT + γ2I
∗
g S∗

BT )(ΦIBT
− ΦSBT

), 1
]}



system of ordinary differential equation.

Φ̇Sv(t) = α
(
ΦSv − ΦSg

)
+ β1(1 − U∗

1 − U∗
3 − U∗

4 ) (ΦSv − ΦLv) + µpΦSv ,

Φ̇Lv(t) = U∗
3 (ΦLv − ΦSv) + θ (ΦLv − ΦIv) + µpΦLv ,

Φ̇Iv(t) = −∆1 + γ1 (1 − U∗
1 − U∗

3 − U∗
4 ) (ΦSBT

− ΦIBT
) SBT + (U∗

2 + µp) ΦIv ,

Φ̇Sg(t) = β2 (1 − U∗
1 − U∗

3 − U∗
4 )
(
ΦSg − ΦLg

)
IBT + µpΦSg ,

Φ̇Lg(t) = U∗
3

(
ΦLg − ΦSg

)
+ β

(
ΦLg − ΦIg

)
+ µpΦLg ,

Φ̇Ig(t) = −∆2 + γ2 (1 − U∗
1 − U∗

3 ) (ΦSBT
− ΦIBT

) S∗
BT + (U∗

2 + µp) ΦIg ,

Φ̇SBT
(t) = −∆3 + r

(
2S∗

BT

K
− 1

)
ΦSBT

+ (1 − U∗
1 − U∗

3 − U∗
4 )(γ1I

∗
v + γ2I

∗
g )(ΦSBT

− ΦIBT
) +

(θBT U∗
1 NP + µI)ΦSBT

,

Φ̇SBT
(t) = −∆4 + (1 − U∗

1 − U∗
3 − U∗

4 )[β1(ΦSv − ΦLv)S∗
v + β2(ΦSg − ΦLg)S∗

g ] +

(θBT NpU∗
1 + µI)ΦIBT

,

with the transversality condition Φ(T ) = 0.

Proof :

Proof 1 Indeed, from Pontryagin’s Maximum Principle we have

Φ̇Sv = − H
∂Sv

, Φ̇Lv = − H
∂Lv

, Φ̇Iv = − H
∂Iv

,

Φ̇Sg = − H
∂Sg

, Φ̇Lg = − H
∂Lg

, Φ̇Ig = − H
∂Ig

,

Φ̇SBT
= − H

∂SBT
, Φ̇IBT

= − H
∂IBT

,

we obtain the adjoint functions.

∣∣

Proof 2 In characterizing each control, we consider three cases concerning the control bounds.

And we show this in detail for the characterization of the first control U1
∗

I. First case, on the set {t | 0 < U1
∗ < U1

max}, we have

0 =
∂
∂
U
H

1
∣
U1

∗ = Φ1U1
∗ + (IBT ∗ [β1Sv

∗(ΦSv − ΦLv) + β2Sg
∗(ΦSg − ΦLg)] + (γ1Iv

∗SB
∗

T +
γ2I

∗
g SBT )∗(ΦSBT

− ΦIBT
) − θBT Np (S∗

BT + I∗
BT ) (ΦSBT

+ ΦIBT
)
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Solving the above equation for U∗
1 yields

U∗
1 = 1

−Φ1

[
(IBT ∗ [β1S

∗
v(ΦSv − ΦLv) + β2S

∣∣

∗
g (ΦSg − ΦLg)]+

(γ1Iv
∗SB

∗
T + γ2Ig

∗SBT )∗(ΦSBT
− ΦIBT

) − θBT Np (SB
∗

T + IB
∗

T ) (ΦSBT
+ ΦIBT

)
]

II. Second case one the set {t | U1
∗ = 0}, we have

0 ≤
∂
∂
U
H

1
∣
U1

∗ = Φ1U1
∗ + (IBT ∗ [β1Sv

∗(ΦSv − ΦLv) + β2Sg
∗(ΦSg − ΦLg)] + (γ1Iv

∗SB
∗

T +

γ2I
∗
g SBT )∗(ΦSBT

− ΦIBT
) − θBT Np (S∗

BT + I∗
BT ) (ΦSBT

+ ΦIBT
)

Since −Φ1 < 0, it then follows that

0 ≥ 1
−Φ1

[
(IBT ∗ [β1S

∗
v(ΦSv − ΦLv) + β2S

∗
g (ΦSg − ΦLg)]+

(γ1I
∗
v S∗

BT + γ2I
∗
g SBT )∗(ΦSBT

− ΦIBT
) − θBT Np (S∗

BT + I∗
BT ) (ΦSBT

+ ΦIBT
)
]

holds on this set.

∣∣III. Third case one the set {t | U1
∗ = U1

max}, we have

0 ≥
∂
∂
U
H

1
∣
U1

max = Φ1U1
∗ + (IBT ∗ [β1Sv

∗(ΦSv − ΦLv) + β2Sg
∗(ΦSg − ΦLg)] + (γ1Iv

∗SB
∗

T +

γ2I
∗
g SBT )∗(ΦSBT

− ΦIBT
) − θBT Np (S∗

BT + I∗
BT ) (ΦSBT

+ ΦIBT
)

Or equivalently

−ΦU1
max ≥

[
(IBT ∗ [β1Sv

∗(ΦLv − ΦSv) + β2Sg
∗(ΦLg − ΦSg)]+

(γ1Iv
∗SB

∗
T + γ2Ig

∗SBT )∗(ΦIBT
− ΦSBT

) + θBT Np (SB
∗

T + IB
∗

T ) (ΦSBT
+ ΦIBT

)
]

and dividing both sides by the negative quantity −Φ1, it yields

U1
max ≤ 1

−Φ1

[
(IBT ∗ [β1S

∗
v(ΦSv − ΦLv) + β2S

∗
g (ΦSg − ΦLg)]+

(γ1I
∗
v S∗

BT + γ2I
∗
g SBT )∗(ΦSBT

− ΦIBT
) − θBT Np (S∗

BT + I∗
BT ) (ΦSBT

+ ΦIBT
)
]

Therefore,

U∗
1 = min

[ 1
Φ1

(IBT ∗ [β1S
∗
v(ΦLv − ΦSv) + β2S

∗
g (ΦLg − ΦSg)]+

(γ1I
∗
v S∗

BT + γ2I
∗
g SBT )∗(ΦIBT

− ΦSBT
) + θBT Np (S∗

BT + I∗
BT ) (ΦSBT

+ ΦIBT
)
]
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After examining these three cases, we characterize the optimal control as

U∗
1 = max

{
0, min

[ 1
Φ1

(IBT ∗ [β1S
∗
v(ΦLv − ΦSv) + β2S

∗
g (ΦLg − ΦSg)]+

(γ1I
∗
v S∗

BT + γ2I
∗
g SBT )∗(ΦIBT

− ΦSBT
) + θBT Np (S∗

BT + I∗
BT ) (ΦSBT

+ ΦIBT
) , 1

]}
.

Similarly by going through the three-step arguments the remaining optimal controls U∗
2 , U∗

3 , U∗
4

can also be obtained explicitly.

Furthermore, it is obvious to see that

∂2H

∂2U1
= Φ1 > 0,

∂2H

∂2U2
= Φ2 > 0,

∂2H

∂2U3
= Φ3 > 0,

∂2H

∂2U4
= Φ4 > 0.

indicating that the optimal controls minimize the Hamiltonian.

3.4|Numerical Simulations

In this section, we present numerical simulations to illustrate the results obtained in the previous sections.
Several studies on optimal control of epidemiological models for plant diseases and human diseases already exist
in the literature [14, 15, 25]. Here, we present numerical results for system (0.4).

The parameter values for the Tomato Yellow Leaf Curl Virus (TYLCV) used in this study are derived from
a high-transmission region. The main objective is to assess the impact of different control strategies applied
individually, in pairs, and in full combination on both tomato plants and Bemisia tabaci populations in an
endemic setting.

The parameter values, taken from Table 5, together with the weighting coefficients in the objective functional
(∆1 = ∆2 = ∆3 = 0.5, ∆4 = 5, Φ1 = 15, Φ2 = Φ3 = Φ4 = 10), are used for the numerical simulations.
The initial conditions are given by Sv(0) = 50, Lv(0) = 40, Iv(0) = 10, Sg(0) = 30, Lg(0) = 20,
Ig(0) = 10, SBT (0) = 50, and IBT (0) = 30.

All computations were performed using the odeint function from the scipy.integrate module in Python.

Table 5. Parameter values of the TYLCV model

Parameter Value Source
K 100 [17]
Λ 10 [17]
Np 160 [17]
r 0.5 [17]
δp 0.001 [17]
α 0.1 [4, 17]
θ 0.01 [4, 17]
β 0.1 [4, 17]

Parameter Value Source
β1 0.03 [4, 17]
β2 0.03 [4, 17]
γ1 0.025 [4, 17]
γ2 0.2 [4, 17]
µp 0.3 [4, 17]
µBT 0.07 [4, 17]
θBT 0.05 [17]
T 150 [17]
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(a) (b)

(c) (d)

Figure 11. Evolution of control variables

Figure (11)-a illustrates the evolution of the optimal control variable U1.

Figure (11)-b illustrates the evolution of the optimal control variable U2.

Figure (11)-c illustrates the evolution of the optimal control variable U3, which represents the rate of planting
resistant tomato varieties aimed at reducing the spread of TYLCV within the crop.

Figure (11)-d illustrates the evolution of the optimal control variable U4, representing the installation of
insect-proof nets to control flying insects.

Figure (12)-a to (12)-h show respectively the population dynamics of vegetative susceptible Sv, latent Lv,
infected Iv, generative susceptible Sg, latent Lg, infected Ig, as well as the whitefly populations SBT and IBT .

The blue curves represent the dynamics of susceptible, latent, and infected populations (both vegetative and
generative), as well as whitefly populations, in the absence of any control strategy.

The yellow curves illustrate the effect of applying all four control strategies simultaneously.

The green curves show the dynamics under a combined strategy of infected plant removal and biological control.
However, this approach does not achieve the optimal outcome.

The red curves describe the effect of using only biological control on tomato plant populations, which proves
insufficient on its own.
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The brown curves highlight the impact of resistant varieties on the overall plant population. Although not
optimal, this strategy remains the second most effective control approach for field management.

Finally, the purple curves represent the dynamics when only insect-proof nets are used, which alone do not
provide sufficient protection against whitefly infestation.

Our analysis demonstrates that the simultaneous implementation of all four control strategies achieves: - the
maximum increase in healthy vegetative and generative plant populations (see Figure (12)-a and (12)-d), - the
minimum levels of latent and infected states (see Figure (12)-b, (12)-c, (12)-e, and (12)-f), - a significant
reduction in infected plant populations through removal strategies (see Figure (12)-c, (12)-f, and (12)-h), -
and improved overall crop performance through the use of resistant varieties.

Exclusive reliance on insect-proof nets is insufficient to control whitefly infestations. An integrated approach
combining all four strategies is therefore necessary to maximize agricultural productivity, optimize disease control,
and ensure sustainable pest management.

Certain insect species, such as whiteflies, aphids, and leafminers, rapidly migrate to nearby healthy plants after
host removal. Consequently, the removal of infected plants may induce dispersal and colonization of additional
plants, sometimes increasing infestation in the short term. This explains: - the increase in latent vegetative plants
compared to the no-control scenario (Figure (12)-b), - the increase in latent generative plants (Figure (12)-e), -
the increase in infected generative plants (Figure (12)-f), - and the rise in whitefly populations compared to the
uncontrolled case (Figure (12)-g).

Overall, the combined implementation of all four control strategies remains the most effective management policy.
It leads to: - the highest increase in healthy vegetative and generative populations (Figure (12)-a and (12)-d), -
the strongest reduction in latent and infected populations (Figure (12)-b, (12)-c, (12)-e, and (12)-f), - and a
substantial decrease in both healthy and infected whitefly populations (Figure (12)-g and (12)-h).
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 12. Numerical simulation results of the optimal control strategy applied to the TYLCV
model in tomato production for R0 = 1.7495 > 1.
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